The main influences on crater size distributions are investigated by deriving results for the four example target objects, (951) Gaspra, (243) Ida, (253) Mathilde and (433) Eros. The dynamical history of each of these asteroids is modelled using the MERCURY numerical integrator. An efficient,Öpik-type, collision code enables the distribution of impact velocities and the overall impact probability to be found. When combined with a crater scaling law and an impactor size distribution, using a Monte Carlo method, this yields a crater size distribution. The cratering time-scale is longer for Ida than either Gaspra or Mathilde, though it is harder to constrain for Eros due to the chaotic variation of its orbital elements. The slopes of the crater size distribution are in accord with observations.
I N T RO D U C T I O N
Asteroids have formed and evolved through the power and influence of collisions, with small asteroids being fragments of collisionally disrupted larger bodies. Each asteroid has a unique collisional history, as demonstrated in its crater distribution. Close-range images of asteroids provide us with a small insight into the varied and enigmatic processes that are specific to asteroids of certain composition and location within the asteroid belt. Four asteroids, (951) Gaspra, (243) Ida, (253) Mathilde and (433) Eros (Table 1) , have been imaged during spacecraft encounters, allowing their crater distribution to be directly observed.
The first asteroid to be imaged by spacecraft was (951) Gaspra, in the 1991 Galileo flyby. It is the smallest of the considered asteroids and is located in the Flora region (Cellino, Zappalà & Farinella 1991) at the innermost edge of the main asteroid belt. The flyby images show a crater population dominated by fresh craters that have a differential population index of −4.3 ± 0.3 for the crater size range 0.2-0.6 km (Chapman et al. 1996a ). There is a slightly shallower index ∼ −3.8 when all craters are included, but as noted by Chapman et al, it is the steeper index (for younger craters) that can be presumed to relate directly to the impactor population. The young age of Gaspra, implied by its low overall density of craters, indicates that this asteroid is a collisional fragment of a larger parent body.
(243) Ida, visited by Galileo in 1993 and approximately twice as large as Gaspra, is a member of the impact-generated Koronis asteroid family. Asteroid sizes and orbits in the Koronis family imply that it formed ∼2 Gyr ago (Marzari, Davis & Vanzani 1995) . The surface of Ida is saturated with craters of all sizes with the density E-mail: svj1@st-and.ac.uk of large craters being 10 times greater than on Gaspra (Chapman et al. 1996b ). The overall differential population index is around −3.2 for the crater size range 0.2-3 km, which is considerably shallower than for similar crater sizes on Gaspra.
(253) Mathilde, of similar size to Ida, is distinguished by its lower density, apparently implying a significant degree of porosity ∼50 per cent (Cheng & Barnouin-Jha 1998) , and the dominance of five large craters that are close to its catastrophic disruption threshold. It is remarkable that the diameter of the largest of these craters is 30 per cent larger than the radius of Mathilde. However, Cheng & Barnouin-Jha showed that oblique impacts and significant porosity could reduce the probability of disruption while large craters were formed. The population of craters <5 km resembles that of Ida (Chapman, Merline & Thomas 1999) , leading to the suggestion that Mathilde is relatively old (where its age is defined as the time interval between its production by fragmentation and the present day; the age of any parent body may be significantly older). Mathilde was imaged by NEAR Shoemaker in 1997 on its way to Eros.
(433) Eros, of slightly larger size than Gaspra, is notable for being the first near-Earth asteroid (NEA) to be encountered. From a preliminary analysis of the images, craters above 200 m are similar to the saturated population of Ida. Eros is more heavily cratered than Gaspra, while both lacking the unusually large craters that are present on Mathilde and also being very depleted in small craters with diameter below 200 m (Chapman et al. 2002) .
Factors that influence the crater distribution are the dynamical evolution of the target object and the impact probabilities, velocity distribution and size distribution of the impacting population. This work will investigate what factors have the main effect on the crater size distribution, by deriving theoretical cratering probability distributions for each of the above four example target objects. Thomas et al. (1994) .
I N P U T PA R A M E T E R S
In order to model a resultant crater size distribution on a target body, it is necessary to consider the velocity and size distributions of the impactor populations in question. A collision code (Section 2.1) is used that generates the impact probability and velocity distribution as a function of integrated orbital elements (Section 2.2). The orbit and size distribution of an impactor population (Section 2.3) can thus be combined with a suitable crater scaling law (Section 2.4), to yield an overall frequency of crater production at different crater sizes.
Algorithm
The collision code of Manley, Migliorini & Bailey (1998) is used to calculate the long-term collision probability between two objects moving on arbitrary elliptical orbits. This is a highly efficienẗ Opik-based (1951 Opik-based ( , 1976 geometric algorithm. The a, e, i (semimajor axis, eccentricity, inclination) of each orbit are specified as input parameters and the other elements are averaged. The code assumes objects to be spherical and small relative to the size of their orbits. The impact velocity is a key factor in the calculation of the crater size as it effectively determines the energy of the incoming object. However, the probability of impact determines whether an impact event actually occurs and is clearly of critical importance for modelling the distribution of craters. These two factors are determined using the same methods, i.e. the code jointly produces probabilities of impact and the probability distribution of impact velocities from the a, e, i of the target body and the a, e, i distribution of the impactors. As the a, e, i of a given target body vary over its exposure time to impactors, we use numerical integrations to look at the possible dynamical histories each object may have.
Orbit integrations
The MERCURY integrator package of Chambers (1999) was used. Primarily the option of the RADAU integrator (Everhart 1985) , which uses weighted step sizes and variable Gauss-Radau spacing, was selected. This method is widely established for orbital integrations including close approaches. In the MERCURY implementation of RADAU, unnecessary errors are minimized by the selection of a suitable order in which the step sizes are added together. The RADAU accuracy parameter was set to 10 −11 . Four-planet (Jupiter to Neptune) and seven-planet (Venus to Neptune) models were used, over 500 and 80 Myr, respectively. Variational orbits, or clones, of the asteroids were generated by changes of ∼10 −6 au in a. We label as 24 300, 25 300, 43 300, 95 100 the particles corresponding to the nominal orbits of the asteroids. The suffix 00 becoming p1, p2, m1 or m2 denotes the nominal initial a plus or minus the small changes. The results for clones are to be interpreted statistically, with any clone representing an equally likely alternative evolution of the given asteroid.
The asteroids are grouped by integration set, as asteroids even with identical initial orbits may evolve differently in different integrations. Each set is composed as follows. Set 1. Seven planets, Eros (+four clones), Gaspra (+one clone) integrated for 80 Myr.
Set 2. Seven planets, Eros (+four clones), Mathilde (+one clone) integrated for 80 Myr.
Set 3. Four planets, Ida (+one clone), Mathilde (+one clone) Gaspra (+one clone), integrated for 500 Myr.
Impactor size distribution
Discussed in Jeffers (2000) are the predominant influences on the asteroidal size distribution and constraints that can be placed on this distribution. Relevant considerations include changes in the size distribution with heliocentric distance, the presence of families in the main asteroid belt, variations in asteroid albedos and the results of hydrocode and computer simulations. Given the lack of a well-determined size distribution throughout the main asteroid belt at small diameters (<1 km), we have adopted the theoretical size distribution of Durda, Greenberg & Jedicke (1998) based on the Spacewatch data of Jedicke & Metcalfe (1998) .
(1)
The resulting size distribution for the main asteroid belt is given in equation (1), which lists the exponents α in the cumulative power law, for different size ranges. The total number of asteroids is N = 9.7 × 10 11 down to d = 1 m, the lower limit in impactor diameter that we adopt. Thus craters due to smaller impactors do not appear in our results. First, however, such small craters are generally beyond the resolution of the Gaspra, Ida and Mathilde images; and secondly, the Poynting-Robertson (PR) effect can be shown to deplete the asteroid belt at such d. McBride & Hughes (1990) found that PR removes most objects with d > 55 cm over the lifetime of the Solar system.
Crater diameter scaling
The literature contains a proliferation of different crater scaling laws. For the present investigation, the law of Zahnle, Dones & Levison (1998) , shown in equation (2), has been selected from a list of 17 reviewed in Jeffers (2000) , as it has been derived for cratering on a body where the surface gravity is small. The scaling law is log D = 0.066 + 0.440 log v i + 0.780 log d i + 0.333 log ρ i − 0.333 log ρ t − 0.220 log g t + 0.440 log cos θ i ,
where logarithms are to base 10 and D denotes the crater diameter (m), v i is the impactor velocity (m s −1 ) and d i is the impactor diameter (m). The constant input parameters ρ t (the target density) and g t (the surface gravity) are as listed in Table 1 . The impactor density ρ i is taken as 2600 kg m −3 . The evaluation of θ i (the angle of impact from the vertical) is based on an assumption of an isotropic source. Crater slumping is negligible owing to the low surface gravity.
DY NA M I C A L E VO L U T I O N
Orbital element variations of (243) Ida and (951) Gaspra were very systematic, and very similar for all clones. This behaviour is plotted in Figs 1 and 2, for Ida and Gaspra, respectively. The calculations that will be described in the following sections were computed at limiting values of those variations (indicated in further discussion by min and max). For example, q of Gaspra varies between 1.7 and 2.0 on <10 6 yr time-scales (Fig. 2) . The extent to which this affects impact velocities and probabilities is found by determining results at extremes of the variations. As these orbital variations continually repeat over long time-scales, the cratering is expected to be between the results found for the min and max limits.
In contrast, (433) Eros integrations are chaotic (Michel, Farinella & Froeschlé 1998) and it is not possible to define the limits of systematic variations (Fig. 3) . Therefore, for each clone, results were calculated at regular intervals during the evolution, with the impact velocity, impact probability and cratering data finally averaged over time.
An example of the orbital behaviour for (253) Mathilde is plotted in Fig. 4 . Clones generally remained stable for some tens of Myr, i.e. with systematic element variations as with Ida and Gaspra. During this time, a is very close to the value of ∼2.650, which corresponds to the 11:4 Jovian resonance, but remaining just sufficiently below this value to avoid resonant librations. However, a marginal perturbation upwards to a can place particles in the resonance, allowing a secular Table 2 ). decrease in q over quite short time-scales (∼10 6 yr). This allows regions of orbital element space to be reached where NEA-type dynamical evolution can occur, such as sun-grazing phases (see, e.g. Farinella et al. 1994) . Although the question arises as to whether the behaviour is an artefact of the integrator, we verified that the same phenomenon (of this instability, often within ∼10 8 yr, due initially to the 11:4 resonance) occurred with seven-and eight-planet models and the Bulirsch-Stoer integrator option of the MERCURY package. For each clone, time-averaged results are presented as with Eros, except (cf. Gaspra, Ida) where min and max are specified.
Further description of the intricate nature of the orbital integrations is beyond the scope of this paper. Of interest is how the dynamical evolution influences the distribution of potential impact velocities.
I M PAC T P RO BA B I L I T I E S A N D V E L O C I T Y D I S T R I B U T I O N S
The integrated orbital elements (as discussed in Section 3) of each considered object and clones were separately considered as input target objects to the algorithm (Section 2.1) that evaluates impact probabilities and velocity distributions.
The mean intrinsic collision probability and the mean impact velocity for each considered asteroid and clones are summarized in Table 2 . The velocity distributions of impactors produced by the collision code are shown in Fig. 5 (seven planets + Eros + Gaspra), Fig. 6 (seven planets + Eros + Mathilde) and Fig. 7 (four planets + Ida + Gaspra + Mathilde). Data generated by the code have been grouped in bins of 0.1 km s −1 ; thus the plots are effectively velocity histograms, although they are shown as line plots. All of Table 2 . Mean intrinsic collisional probability and mean impact velocity against the considered asteroids + clones, for the impactor population of main-belt asteroids having diameter 1 m. The data is grouped by integration set (particles with identical initial orbits may evolve differently in different integrations). The key to the innermost planet crossed is: M, Mars; E, Earth; V, Venus; My, Mercury. The symbol ∞ indicates that the asteroid was ejected and S or V that it collided with the Sun or Venus, respectively. A few of the mean velocities listed here appear large when compared with the region under the corresponding curve from the figures; this is due to high velocity impacts at extreme values beyond the right-hand edges of the plots. For the main-belt asteroid population (input impactor population) the orbits of all known objects from Bowell (2000) were used. At the time of downloading, the data set comprised 120 433 main-belt asteroids. Although this set of objects is observationally biased, we compared our results with those derived using a smaller but unbiased data set (objects with absolute magnitudes corresponding to diameters 18 km, for which observations are complete; Cellino et al. 1991) . The velocity distributions were the same shape except for the distribution with the larger data set being smoother.
It is evident that the integrations that result in more stable orbits, i.e. those of Gaspra and Ida, have a significantly narrower velocity histogram; also, very similar results are obtained for clones as for the nominal objects. This indicates that over the long term the velocity histogram is time independent, periodically varying between the 'min' and 'max' curves shown in the figures. Conversely, more unstable and in some cases chaotic orbits, which are sensitive functions of dynamical time, result in histograms with larger velocity dispersions, when velocity distributions from different phases of the dynamical evolution are averaged together. Eros and Mathilde are the primary examples of this. In the case of 25 300 (min) and 25 300 (max), only the stable regions of the integrations have been included as input to the velocity histograms, which are consequently narrower than the overall 25 300 curve in Fig. 6 . The mean impact velocities tend to be a little higher on Eros and Mathilde than on Gaspra and Ida, owing to their slightly higher eccentricity. The various Eros clones show a wide range of velocity histograms, each corresponding to a possible orbital history of the asteroid. The Mathilde clones do not all correspond to possible past evolutions; the velocity distributions labelled min and max, being calculated for the current main-belt orbit of Mathilde, relate to the past impacts that have produced existing craters. The implication of the apparent dynamical instability is to limit the time for which Mathilde has been in its current orbit (during which the cratering can be evaluated), rather than suggesting that it has been on an NEA orbit (with consequent cratering implications) in the past. In general, the overall shape of each velocity histogram is relatively smooth. The exception to this is for 433m1 (seven planets + Eros + Mathilde). The shape of this distribution is a result of chaotic variations in orbital elements q and i; moreover, because of the comparatively short overall integration time, collision with the Sun occurring after only 14.57 × 10 6 yr, an extended epoch (a few Myr) when q is rather small and i moderately high has a significant effect on the time-averaged collision results.
Overall, our impact velocity calculations are in accord with values of ∼5 km s −1 that have been found for collisions between main-belt asteroids (Farinella et al. 1992; Bottke et al. 1994; Manley et al. 1998 ). 
C R AT E R P RO BA B I L I T Y D I S T R I B U T I O N S
To produce a crater probability distribution corresponding to each plot in Figs 5-7, the velocity distribution was combined with the size distribution in each diameter range and a crater scaling law, as previously discussed, using a simple Monte Carlo process. The crater probability distributions for each size range were combined according to their relative contributory populations. The results are plotted in Figs 8-10 , respectively.
To the left of the plots is a flattening due to edge effects, i.e. the fact that the adopted size distribution in equation (1) does not extend below 1 m. Equation (2) can be used to confirm that values to the right of ∼200, ∼110, ∼80 and ∼135 m are reliable for main-belt cratering on Eros, Gaspra, Ida and Mathilde, respectively. These numbers are approximate and edge effects are small near these values, only becoming more serious as one moves further to the left. With Gaspra, Ida and Mathilde, most of the craters that could be resolved and measured were of these sizes or larger (cf. Chapman et al. 1996a; Chapman et al. 1996b; Chapman et al. 1999 ).
The results shown in Fig. 10 for Ida would differ if Ida underwent heavy and intense bombardment as a result of the fragmentation of the parent of the Koronis family, of which Ida is a member. Likewise, Eros, given its location as an NEA, is likely to have also experienced an impacting population with a steeper size distribution. Therefore, to investigate the effect of the imposed size distribution on the cratering record of an object, the NEA size distribution was applied to the velocity histograms calculated by the orbital integrations for Ida and Eros. The NEA size distribution of Rabinowitz et al. (1994) , as discussed in Jeffers et al. (2001) , was used as it is assumed that the NEA population resembles that of an asteroid family, i.e. a steep slope at small sizes, which flattens at 10 m to avoid having an infinite mass at the small end. The resulting crater distributions for Ida and Eros are, respectively, plotted in Figs 11 and 12.
Whereas the dependences among various parameters given by equations (1) and (2) are power laws, the dependences of D on d, v and θ interact to produce a D distribution that deviates from simple power laws, and is derived numerically in the way as has been described. To some extent, however, empirical power laws can be measured from Figs 8-12, and are given in Table 3 .
Each curve in the plots is scaled to a total probability of 1. Absolute values of the cratering flux as a function of D (for d > 1 m impactors) can be derived using normalizing factors listed in Table 2 . These values at, for example, D = 700 m at which size the results are free from edge effects and in the linear section of the plots, are tabulated in Table 4 . The cratering flux rates cover an order of magnitude, the lowest being Ida with a crater of that size formed every 300 Myr km −2 of surface. On Mathilde such a crater is formed 10 times as often. The somewhat short dynamical lifetime ∼10 8 yr tentatively implied in Section 3 for Mathilde is consistent with this theoretical crater production rate. 3.44 × 10 −9 95100 (min) 7.12 × 10 −9 24300 (max) 3.22 × 10 −9 95100 (max) 9.58 × 10 −9 243p2 (min) 2.72 × 10 −9 95100 (min) 6.99 × 10 −9 243p2 (max) 3.66 × 10 −9 95100 (max) 9.66 × 10 −9 25300 6.18 × 10 −8 253p2 2.99 × 10 −8
D I S C U S S I O N A N D C O N C L U S I O N S
The first part of this work involved the calculation of the dynamical history of each of the considered asteroids. What is apparent from the results of these integrations is the influence they have on the subsequently calculated velocity histograms. It is strongly evident that the differences in the velocity distributions (Figs 5-7) significantly affect the shape of the crater probability curves, with objects of higher velocity making larger craters.
The slopes of each of the curves in Table 3 are in agreement, within the stated errors. This consistency results from the underlying size distribution that was adopted in this analysis. As discussed in Section 2.3, the size distribution of main-belt asteroids is not well determined at this size range (<1 km). However, the results of Cellino et al. (1991) indicate that the size distribution does indeed vary with heliocentric distance at large sizes, which would have the effect of altering the slopes tabulated in Table 3 , depending on the dynamical evolution of the orbital elements of the asteroid. For this analysis, what is significant in these plots is the variation in the tabulated parameters, i.e. the region of linearity, the location of the knee and the maximum crater size.
In Figs 8-10 the small asteroids in the diameter range 1-100 m dominate the cratering on the considered asteroids. The largest craters occur on Eros and Mathilde, with both Gaspra and Ida having a higher proportion of small craters. Table 4 shows the cratering frequencies at D = 700 m. Values for other D may be calculated similarly. On Mathilde, for example, every Myr a crater as large as D ≈ 200 m may be formed (per km 2 of surface). The slope of the crater probability distribution makes it possible for the surface to become saturated in 10 8 yr. This is within the dynamical time-scale of Mathilde implied by the integrations.
In the hundreds of metre diameter range, the slopes in Figs 8-10, as tabulated in Table 3 , are similar for the different objects, but the region of linearity is smaller for Gaspra than for the other asteroids. The linear region does, however, encompass the range for which Chapman et al. (1996a) reported a differential population index of −4.3 ± 0.3 (i.e. cumulative −3.3 ± 0.3), consistent with our ∼ −3.1. The somewhat less than saturated surface of Gaspra (Chapman et al. 1996a ) implies a cratering lifetime of a few times 10 7 yr in our model.
The observations of cratering on Ida reveal a high crater density and frequency distribution with craters being saturated in the diameter range 100 m-1 km (Chapman et al. 1996b) . However, our model shows the lowest cratering flux for Ida and a less than saturated surface at similar diameters, which is likely to be attributable to Ida being a member of the Koronis family. It is evident that membership of the Koronis asteroid family places constraints on the formation and lifetime of Ida. The results shown in Fig. 10 for Ida would assume the appearance of Fig. 11 if Ida underwent heavy and intense bombardment as a result of the fragmentation of the parent of the Koronis family, of which Ida is a member. Though it has not been possible to measure the slope of Fig. 11 , it is certainly a shallower distribution than the crater distributions of Gaspra, which would be in accord with the observations of Chapman et al. (1996b) . These results confirm the work of Hughes & Williams (1998) who concluded that sibling sandblasting has influenced the shapes and surfaces of both Ida and Gaspra.
Orbit randomization induced during 10 7 -10 8 yr of chaotic evolution of Eros, may remove systematic influences on the crater size distribution. As noted by Michel et al. (1998) dynamical studies based on numerical integrations cannot reconstruct the past orbit of Eros or any other NEA for longer than the Lyapunov divergence time. However, numerical integrations can reveal the main mechanisms for evolution of the orbit. Dynamical possibilities allow the origin of Eros to have been in the main belt, albeit the original location within the main belt is not known for sure (Michel et al. 1998) . Table 4 shows that, whereas absolute cratering rates on the other three asteroids can be quantitatively estimated, the value for Eros is very sensitive to the dynamical evolution that the asteroid could have had. To explain why very small craters are depleted on Eros, C 2003 RAS, MNRAS 343, 56-66 Chapman et al. (2002) favour primarily the idea that the Yarkovsky effect has preferentially removed the smaller potential impactors (down to centimetre sizes) from the asteroid belt. The PoyntingRobertson effect (McBride & Hughes 1990 ) offers another possibility.
